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3.1 Tangents and the Derivative at a Point

CIHAN UNIVERSITY
SULAIMANIYA

DEFINITIONS The slope of the curve y = f(x) at the point P(xg, f(xg)) is the J’

+ h
number m = ;!im f(‘ﬁﬂ }); f(r“) (provided the limit exists).
—{)

The tangent line to the curve at P is the line through P with this slope.

EXAMPLE 1
(a) Find the slope of the curve y = 1/x at any point .
x = a # 0. What is the slope at the point x = —1?

(b) Where does the slope equal —1/47
(¢) What happens to the tangent to the curve at the

point (a, 1/a) as a changes?

= f(x)
Q(xg + h, flxg + 1)

|
:f(l'u + h) — flxg)

Plxg, flxg)

|
___h____1|
n

FIGURE Th-:: slope of the tangent

+h) — |
line at P is lim 200 #) — Jxo)
h—0 h
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3.2 The Derivative as a Function bt SULAIMANIYA

DEFINITION  The derivative of the function f(x) with respect to the variable x is
the function f* whose value at x is

flx +

r — 1"
f'(x) Jim

provided the limit exists.

EXAMPLES
1. If f(z) = z? then
Solution
2
. (z+h)?-2? — 1 2h:l:+h_‘
f'(ﬂ?):’l'l_l?:}) » pm ———— =lim 2z +h
_lim.1:2+2h.1:+h2—:1v:2 = 2z.

h—0 h
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EXAMPLE Differentiate f(x) = —= .

Solution  We use the definition of derivative, which requires us to calculate f(x + 4) and

then subtract f(x) to obtain the numerator in the difference quotient. We have

X _ (x + h)
f(x]—x_l and f(x+h)—(x+h)_l,3(}
x + h) —
F(x) = ;}i_ff}jf(x ;); f(x)
x + h X
_ limx-i—k—l_x—l _ liml.{x—kk)(x—l}—x(x—Fh—l}
h—0 h h—0 h (x+h—1x—-1)
— hml. —h a_c¢ _ ad — cb
r—oh (x+h—1)(x—1) b d bd
: —1 —1
= lim

im0+ h =D = 1) (x— 1)
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(a) Find the derivative of f(x) = Vx forx > 0. SULAIMANIYA

(b) Find the tangent line to the curve y = Vxatx = 4.

Solution
_ Derivative of the Square Root
(a) We use the alternative formula to calculate f”: Function
. flz) = flx) Vz — Vx d 1
"(x) = ] — = |1 _\/-;_ , x>0
f'(x) zinx zZ—X Zh_rg Z — X dx 2Vx
. Vz — Vx
= lim y
==x (Vz = Vi) (Vz + Vi) »-
| = — -|- 1
. | 1 T \
= lim = . - —
—xVz + Vx 2Vx \

(b) The slope of the curve at x = 4 1s

—H
1 1
4) = ——= —. ' >
The tangent is the line through the point (4, 2) with slope 1/4 FIGURE The curve y = VY and its
| 1 tangent at (4, 2). The tangent’s slope is
y=2+ E(x — 4) then y =% + 1. found by evaluating the derivative at x = 4
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Differentiable on an Interval: One-Sided Derivatives

CIHAN UNIVERSITY

A function y = f(x) is differentiable on an open interval (finite or infinite) if it has ¢
derivative at each point of the interval. It 1s differentiable on a closed interval [a, b] 1f 1

is differentiable on the interior (a, b) and if the limits

fla + h) — f(a)

h—0" h

. f(b+ h) — f(b)
1111

h—0" -IT

exist at the endpoints

November 16, 2023

Right-hand derivative at a

Left-hand derivative at b

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

en
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Slope =
lim _ﬂh - }2 —J®)
Slope = =0
o Jat b~ fla)
0 h

h =1 h<<0

FIGURE Derivatives at endpoints are
one-sided limuts.
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EXAMPLE 4  Show that the function y = |x|is differentiable
on (—0o0, 0) and (0, ©0) but has no derivative at x = 0.

Solution the derivative of y = mx + b is the slope m. Thus, to the "
right of the origin,

d d d
To the left, EHII] :E{I) =E(l*x}= 1.

Ll =L () = L(=100) = 1 y'=-1 y'=1

There 1s no derivative at the origin because the one-sided derivatives differ

> X

there: Right-hand derivative of |x|at zero Wl = hwhenh = 0 : O\
|4| = k when k > y' not defined at x = 0: right-hand derivative
0 +r[=10] _ . [&| # left-hand derivative

ek im0 b T e gt =
L T 1l Bl L) I 1] . .
Left-hand derivative of |x|at zero = hlma_ p = ﬁl m_—- FIGURE The function y = |I| is
_ not differentiable at the origin where
= i — - ].l _] - - l . 59
hll,"{l,— h - the graph has a “corner

|Ir| = —hwhenh < 0

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en

November 16, 2023



Differentiable Functions Are Continuous

A function is continuous at every point where it has a derivative.

CIHAN UNIVERSITY
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THEOREM 1—Differentiability Implies Continuity
x = ¢, then f is continuous at x = c.

If f has a derivative at

lim,—, f(x) = f(c)

Finding Derivative Functions and Values
Using the definition, calculate the derivatives of the functions in Exer-
cises 1-6. Then find the values of the derivatives as specified.

1.
2,

3

10.

fx) =4 =x% f(=3),£0), f(1)
Fx) = (x = 1)+ 1; F'(=1),F(0), F'(2) In Exercises 712, find the indicated derivatives.
. g{t) = LQ:r gr(_l)’g:{z)&gr(‘\/g) 7 d__}’ if - 2x3
! ' dx y
k@) =1E R(-D.R().K(V2) o A5 oo
B
. p(0) = V305 p'(1),p'(3),p'(2/3) dp )

r(s) = V2s + 15 #(0),7(1),7(1/2) 2

if p=—F——
Vg + 1

12.

arif p=s—257+3
ds

dv . 1

7 if v=1t ;
LA —

dw V3w =2
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3.3 Difterentiation Rules SULAIMANIYA

Derivative of a Constant Function

df _ d

If f has the constant value f(x) = ¢, then = () = 0.
Power Rule (General Version)
If n 1s any real number, then

d no__ HIH—15

EI

for all x where the powers x"and x" ™"

are defined.

EXAMPLE Differentiate the following powers of x.

@ P @©x @ @ @V
X

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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Derivative Constant Multiple Rule SULAIMANIYA

If u 18 a differentiable function of x, and ¢ 1s a constant, then

i(cu) = ¢ —

dx

du
dx’

Derivative Sum Rule

If « and v are differentiable functions of x, then their sum u# + v 1s differentiable
at every point where u and v are both differentiable. At such points,

d du dv
E{H—FU) E—FE

Derivative Product Rule
If u and v are differentiable at x, then so 1s their product uv, and

d _dv du
e (uv) = U + v

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

November 16, 2023
en
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Denivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ- g“‘f’ t“ﬁRE*‘d the Symbols for
erivatives

entiable at x, and © y prime”

¥
y"  *“y double prime”
du dv d’y

o e g2 — “d squared y dx squared”
v u
dcg_dx dx g

dx \V

) “y triple prime”
’L—';l y™ <y super n”
d"y
dx.ﬂ
D.I"I

“d to the n of y by dx to the n”

Second- and Higher-Order Derivatives « .
D to the n

If y = f(x) is a differentiable function, then its derivative f'(x) is also a function. If f’ is
also differentiable, then we can differentiate ' to get a new function of x denoted by f".
So f” = (f")". The function f” is called the second derivative of f because it is the deriv-
ative of the first derivative. It is written n several ways:

: _ﬂ YN_ Y _ . _
f {) &!' dx (arx) o dx -V _Dz(f;'(x}_ﬂxzf(x}-

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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Exercises 3.3

Derivative Calculations

Find the first and second derivatives.

l.y=-—x+3 h,y=x2+x+8 3‘U=]+I_4VI 4. (_+\/_)

X /_
(x + D(x +2) o 5 B A
5. ., — Loy = D(x2 + 3x — 5
G S 6 y=m Dhmr =)

1241 S..sr=—2r‘+i2 9. y=0B =) —x+1)
7. r = g 03 T E 1
1 5 qz + 3 4;,'4 — 1
— — — _3 11- F = - = 12' p e
10, y=4 —2x —x 352 25 12¢g PE

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

November 16, 2023
en

14



| Derivatives of Trigonometric Functions

| CIHAN UNIVERSITY
SULAIMANIYA
Many phenomena of nature are approximately periodic (electromagnetic fields, heart rhythms,
tides, weather). The derivatives of sines and cosines play a key role in describing periodic
changes. This section shows how to differentiate the six basic trigonometric functions.
Derivative of the Sine Function
To calculate the derivative of f(x) = sinx, for x measured in radians, we combine the N
limits in Example 5a and Theorem 7 in Section 2.4 with the angle sum identity for the sine A\ 4

function: 3’& /@

sin(x + h) = sinxcosh + cosxsinh.

$ O
If f(x) = sinx, then ‘\)
Qx
x+ h)— flx sin{x + &) — sin
f’(x) = lim f ) — ) = lim b ) - Derivative definition ’\y //
= 1 (sinxcosh + cosxsinh) — sinx " sinx (cosh — 1) + cosxsin#h &X‘
T a0 h T a0 h v A\
: . cosh — 1 . sin h
=  a—_ + . —_ a
;}1_% (smx ? ) }}Enm (cosx 2 ) &Q
. A\
= sinx-* limcmh—_1 + cosx* lim smh _ smx*0 + cosx+*1 = cosx.
h—0 h h—0 h |

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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EXAMPLE We find derivatives of the sine function SULAIMANIYA

involving differences, products, and quotients.

(a) y = x’

— sin.x: (b) v = x?sinx: (c) y= SiI;I:

Derivative of the Cosine Function

With the help of the angle sum formula for the cosine function, _ i 222 (cosh — 1) — sinxsinn

. . h—= h
cos(x + h) = cosxcosh — sinxsinh,
we can compute the limit of the difference quotient: T cosh — 1 L sin A
= |lim cosx* — lim sinx-

h—0 h h—>0) h
i[Csz} = Iim CUS(I + h) — cosx Derivative definition . cosh — 1 . . ginh
dx h—0 h = cosx - lim — sinx* lim

h—>0 h h—0 h
r (cosxcosh — sinxsinh) = cosx
= |im — AOQ Y e T . — — a1
h—0 h Cosine angle sum cosx -0 sinx - | — T sIX.

1dentity

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en

November 16, 2023 16



EXAMPLE We find derivatives of the cosine function BRI UPSY EROL Y

_ o _ SULAIMANIYA
in combinations with other functions.
: COS X
(a) v = 5x +cosx: (b) ¥y =sinxcosx: (¢) y= =~
1 — sinx
Derivatives of the Other Basic Trigonometric Functions
Because sin x and cos x are differentiable functions of x, the related functions
_sinx _ COSX o d _
tanx = <5y > cotx = = =7, SECX = Sosx s an CSCX = =
are differentiable at every value of x at which they are defined. Their derivatives, calcu-
lated from the Quotient Rule, are given by the following formulas. Notice the negative
signs 1n the derivative formulas for the cofunctions.
The derivatives of the other trigonometric functions:
d .. — enp? d 2
i (tanx) = sec” x i (cotx) CSC” X
d d
a(secx) = secx tanx E(cscx} = —c¢scxcotx
EXAMPLE Find ., a. d(tan x)/dx. b. y"ify = secx.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en

November 16, 2023 17
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SULAIMANIYA
Derivatives
In Exercises 118, find dy/dx.
1. y=—10x + Jcosx 5. y=cscx —4Vx + 7 9. y = (secx + tanx)(secx — tanx)
3. y = x*cosx o, ] 10. y = (sinx + cosx)secx
6. vy =x"cotx — —
3 X
2.y =y tosmx 7. f(x) = sinxtanx
4. v = \/;SECI 3 8. o(x) = cscx cotx
11 }:=& 12 — _ CO8X 15. yzxgsinx-i- 2xcosx — 2sinx
e 1 + cotx ) 1 + sinx 5 _
16. y = x“cosx — 2xsinx — 2cosx
4 1 - :
B.y=%ost VY anx 4. y = m::;:sJLC + cc;’;x 17. f(x) = x* sinx cos x 18. g(x) = (2 — x) tan’x
https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 18
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CHAIN RULE

2 [f(o(a))] = i Y — o))

Differentiate the outer function first then multiply by the derivative of the inner function.

EXAMPLES
od .
L. jlnce T cos:c;hen . Since ddz 3 = 32% and % sin z = cos z then
. 2 2 2
— |SIN( T = COS|lTZ" ) —|&
da:[ (=) ( )da:[ | i[sin3:1:]=35in2m COS Z.

= cos(z?)2z. dz



The Chain RulLe

and g(x) is differentiable at x, then the composite function (f ¢ g)(x)

1s differentiable at x, and

(f°g)(x) = flgx)g'x).

In Leibniz’s notation, if y = f(u) and u = g(x), then

v _ dy du
& du dx’

where dy/du is evaluated at u = g(x).

Derivative Calculations
In Exercises 1-8, given y = f(u) and u = g(x), find dy/dx =
f(glx))g’ (x).

Ly=6u—9 u=(1/2x" 2.y=2u"
u=3x + 1

u = 8x — 1

3. y = sinu, 4, y =cosu, u= —x/3

5. y=cosu, u =sinx 6. vy =sinu, u =X — COSX

7. y=tanu, u = 10x — 5 8. y = —secu, u=x>+ Tx

If f(u) is differentiable at the point u = g(x)

f(g(x))

CIHAN UNIVERSITY
SULAIMANIYA

In Exercises 9-18, write the function in the form y = f(u) an
u = g(x). Then find dy/dx as a function of x.

9, y=(2x + 1)°

-7
_ (=X
11. y (1 ?>

2
13. v = (’%er—%

15. y = sec(tanx)

17. y = sin’x

)

10, y = (4 — 3x)°

¥ =10
12. y = (E_ 1)

V3x2 —d4x + 6

16. v = cm(':r — %)

~x

14. y

18. v = 5Scos
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IMPLICIT DIFFERENTIATION

To find y'(z) where y(z) is given implicitly, differentiate normally but treat each y as an
unknown function of z. For example, if given

f(y) = g(z) EXAMPLE 1 Find dy/dx if y2 = x.
then differentiating gives Find dy/dx if y* = x* + sinxy

dy _ g'(z)
dz  f'(y)

where the chain rule has been used to obtain the left hand side.

F) =d@ =




A CIHAN UNIVERSITY
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PARAMETRIC DIFFERENTIATION

Giveny = f(t) and z = g(t), dy/dx may be calculated as
dy _ dy/dt _ f'(t)

dz  dz/dt  g'(t)’

EXAMPLES

: dy dy/dt 2t
1. Ify(t) =t and z(t) = sint then -~ = -2 — — =
y(t) =t and z(t) =sintthen o " =0 o = cost

2. If y(t) = sint and z(¢) = cost then d_y = M _ cost _ — cot t.

de dx/dt —sint

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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Derivatives of Inverses of Ditferentiable Functions CIHAN UNIVERSITY

SULAIMANIYA

Example:
If f(x) = (1/2)x +1, find the derivative of inverse of f(x)
Solution:the inverse is

f(x)=2x-2

Then df/dx 1s 2

The Derivative of y = In x. For every positive value of x, we have da Inx = 1

and the Chain Rule extenda this formula for positive functions u(x): ‘ d Inuy = ldu u >0

dx u dx’
: _ d 1 d
EXAMPLE 1 find derivatives. (a) %1 n2x = —d— —(2) x>0
(b) —ln(x2 + 3) = ] -i(x2 + 3)
dx x2 + 3 dx

« 2X i
x>+ 3 x2 + 3



CIHAN UNIVERSITY

_ (x2 + 1)(x + 3)'/2
SULAIMANIYA

x— 1

x> 1.

-

EXAMPLE 5 Find dy/dx if

Solution We take the natural logarithm of both sides and simplify the result with the

properties of logarithms:
(x2 + 1)(x + 3)2

Iny =1
e Find the 15t and 2"d derivative following problems

x— 1
= In((x* + Dx +3)2) = In(x = 1) , o3 ( )
= In(7°) y=In< y=1In(20 + 2
=InGx*+ 1) +hx+3)"2=Inkx-1) J - o |
= ((In ¢)? = (Inx)? = X
:1r1(x2+1)+%ln(x+3)—ln(x—l). ' y = (Inx) Y71+ Inx
|
We then take derivatives of both sides with respect to x, V= ﬁ y = In(sec @ + tan6)
| dy 1 | 1 1 , \
?E:x2+1'2x+§'x+3_x—l' y = In(In(Inx)) vy = B(sin(In @) + cos (Ino)]
1dy 11 1 \/sin 6 cos 8 [+ 1
< 7 — ) '2x+_' - . }J:ln _}-"_l'[] E——
Vdx — x2 4 2 x+3 x-—1 : [ + 26 N (x + 2)%
cdy 2x 1 1
Next we solve for dy/dx: = y(xz " t e =)

Finally, we substitute for y from the original equation:

dy_ @D+ 1
dx x — 1 24+1 2x+6 x—1)
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The Derivative of e* SULAIMANIYA

That is, for y = e*, we find that dy/dx = e*

The Chain Rule extends the derivative result for the natural exponential function to a
more general form involving a function u(x):

[ H@
If u 1s any differentiable function of x, then E> dx € € dx
Below a few examples of derivative
d Xy — i X — x
(a) dx(SE)_deE S5e
(b) %e—x — E—X%(_I) = E_x(—l) = —e ¥ Eq. (2) withu = —x
((:) %e“inx = Euinxd;i (Sin x} = E'me‘ COS X Eq. (2) with u = sinx
(d) %(EVW) = gVt ‘%( Vix + 1 ) Eq. (2) withu = V3x + 1
— e"\r"FBx+1 _%{3;{ + 1)—lf2 .3 = 3 Eﬂfﬁ

2V3ix + 1

NTTPs://scnolar.googie.com/CitationS fuUser=gosvwy YAAAAJ&hI=
en
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The General Exponential Function a"
CIHAN UNIVERSITY

SULAIMANIYA

DEFINITION  For any numbers a > 0 and x, the exponential function with d . d ina ‘e d
base a is - ax? T A€ - € 'E("“““)

X xIna =ax1na_

=
I
®

EXAMPLE 5

(c) i?ws"“ = 350%(]p 3)%(Sinx) = 3%%(]n 3) cos x
d . S X . . .
(@ --3"=3"In3 the 2nd derivative 1s

d —x —X d —X dl X d X X
(b) dx =3 (1113)5(—.11) = —37"In3 E(a ) = E(a 1na) = (lna)za
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EXAMPLE Differentiate f(x) = x*, x > 0.

Solution  We cannot apply the power rule here because the exponent is the variable x rather

than being a constant value » (rational or 1rrational). However, from the defimition of the gen-
. . . o — A Ilnx . R et . .

eral exponential function we note that f(x) = x e’ ", and differentiation gives

fix) = (E‘x]“ ")

xlnx

cir(x

= e"‘]“'*(ln.ﬁ: -+ r%)

x* (11'1,17 + l) x =10 L]

= € In x) Eq. (2)withu = xInx
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Derivatives and Integrals Involving log, x

To find derivatives or integrals involving base a logarithms, we convert them to natural
logarithms. If u is a positive differentiable function of x, then

i(ln u}zd In u ZLi(lnu)z 1 1du
dx * 08 dx \Ina) ~ Inadx na udx

EXAMPLE

1 1 d

d _ _ B 3

(In10)(3x + 1)




4 CIHAN UNIVERSITY

) S ) SULAIMANIYA
Find the derivative of the following

SE In 3
=% p=r i—l) )
v = (cos G)VE y=(In@)"
y=T7mn7 y = 320n3 y = 0sin (log; 0)

y = 25in3! gii= 5*1:1}52!
y = log; 50 y = logs(1 + 01In3) y = logo e
y = logsx + logsx’ y = logsse* — logsVx y = 3logat
= 3 = L -
y = x"logox y = logszr-loggr v = log, (8¢"2)

75 In 5
¥~ 1"‘35\/(3_1- + 2)

November 16, 2023

sin @ cos @
y = logs ( )

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

y = 3 logg (log, 1)
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SECOND DERIVATIVE

The second (or double) derivative is the derivative of the derivative:

’ df d
f(x)zd?izdm (i)

Higher derivatives are found by repeated differentiation.

EXAMPLES
1. If f(z) = z* then f'(z) = 423 and f"(z) = 1222,

2. If s(t) = e® is the position of a particle with time ¢, then s'(t) = 2e? is the velocity and
8" (t) = 4e?t is the acceleration.

https://scholar.google.com/citations?user=gBsVwVYAAAAJ&hl=
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STATIONARY POINTS

CIHAN UNIVERSITY
A stationary point is a point (z,y) where f'(z) = 0. At this point the tangent to the SULAIMANIYA
araph is flat.
Absolute max
/" undefined
Local max
I No extremum
I |
I |
No extremum I I I
g : o
I I | |
: : !
I I I Local min I I , Local min
. |
| | =0 | |
Absolute min I I I I I I
| | | | | | | > X
a C Cy Cq Cy Cs b

FIGURE The critical points of a function locate where it 1s increasing and where 1t 1s decreasing. The
first derivative changes sign at a critical point where a local extremum occurs.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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EXAMPLES SULAIMANIYA

1. The function y = 2% + 2z + 2 has a stationary point when

%=2x+2=0 = z=-1

2. The function y = 2z% — 922 4 12z has stationary points when

%=632—18z+12=0 = z=12

3. The function y = xe~* has a maximum when

%:e_x(w—l)=0 - =1,

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 39
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First Derivative lest for Local Extrema

Suppose that ¢ 1s a critical point of a continuous function f, and that f 1s differen-
tiable at every point in some Interval containing ¢ except possibly at ¢ itself.
Moving across this interval from left to right,

1. if ' changes from negative to positive at ¢, then f has a local minimum at c;
2. 1if /' changes from positive to negative at ¢, then f has a local maximum at c;

3. if f' does not change sign at ¢ (that 1s, f' 18 positive on both sides of ¢ or
negative on both sides), then f has no local extremum at c.

N i i ? p— =
November 16, 2023 https.//scholar.google.com/ataetrl]ons.user gBsVWVYAAAAJ&hI 33
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The Second Derivative Test for Concavity
Let y = f(x) be twice-differentiable on an interval /.

1. If /" > 0 on/, the graph of f over / is concave up.
2, If f" < 0Oon/, the graph of f over / is concave down.

At a stationary point = a the second derivative
indicates the type of stationary point:

1. if f”(a) > 0 then z = a is a local minimum»
2. if f(a) < 0 then z = a is a local maximum.

£=0,f"<0 f=0,f">0

3. if f”(a) = 0 then z = a is an inflection point. = local max = local min

- 8 LN o
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EXAMPLE 1

(a) The curve y = x° (Figure 4.23) is concave down on (—00, 0) where y" = 6x < 0
and concave up on (0, 00) where y" = 6x > 0.

(b) The curve y = x? (Figure 4.24) is concave up on (—00, 00) because its second deriv-
ative y" = 2 is always positive. O

EXAMPLE 2  Determine the concavity of y = 3 + sinx on [0, 27].

Solution  The first derivative of y = 3 + sinx is y' = cos x, and the second derivative is
— y" = —sin x. The graph of y = 3 + sinx is concave down on (0, 77), where y" = —sinx
FIGURE The graph of f(x) = x? is negative. It is concave up on (7, 27), where y” = —sinx is positive (Figure 4.25). =

is concave up on every interval

DEFINITION A point where the graph of a function has a tangent line and
where the concavity changes 1s a point of inflection.

At a point of inflection (¢, f(c)), either f"(c¢) = 0 or f"(c) fails to exist. .
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EXAMPLE 7  Sketch a graph of the function

flx) = x* —4x° + 10
using the following steps.
(a) Identify where the extrema of f occur.
(b) Find the intervals on which f is increasing and the intervals on which f is decreasing.
(¢) Find where the graph of f is concave up and where it is concave down.

(d) Sketch the general shape of the graph for f.

(e) Plot some specific points, such as local maximum and minimum points, points of in-
flection, and intercepts. Then sketch the curve.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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Solution  The function f is continuous since f'(x) = 4x® — 12x? exists. The domain of
fis (—0o0, 00), and the domain of f' is also (—o0, 00). Thus, the critical points of f occur
only at the zeros of f'. Since

f(x) = 4x® — 12x% = 4x%(x — 3)

the first derivative 1s zero at x = 0 and x = 3. We use these critical points to define inter-
vals where f is increasing or decreasing.

Interval x <0 0 <x<3 3 <x
Sign of f’ — — +
Behavior of f decreasing decreasing Increasing

(a) Using the First Derivative Test for local extrema and the table above, we see that there
1s no extremum at x = 0 and a local mmmimum at x = 3.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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(a) Using the First Derivative Test for local extrema and the table above, we see that there
1s no extremum at x = 0 and a local minimum at x = 3.

(b) Using the table above, we see that f is decreasing on (=00, 0] and [0, 3], and increas-
ing on [3, 00).

() f"(x) = 12x* — 24x = 12x(x — 2) is zero at x = 0 and x = 2. We use these points
to define intervals where f 1s concave up or concave down.

Interval x <0 0 <x<2 2 <x
Sign of f” + — +
Behavior of f concave up concave down concave up

We see that f is concave up on the intervals (—o©, 0) and (2, ©©), and concave down on
(0, 2).

November 16, 2023
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(d) Summarizing the information in the last two tables, we obtain the following.

x <9 0<x<2 2<x<3 I<x
decreasing decreasing decreasing increasing
concave up concave down concave up concave up

The general shape of the curve is shown in the accompanying figure.

General shape

| | |
decr I decr I decr I incr
I I I
CONnc I conc I conc I conc
up I down I up | up
I I I
) LS
| | |
I I I
nfl il local
point point min
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THANKS FOR YOUR ATTENTION
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