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INTEGRATION

The integral 1s of fundamental importance 1in statistics, the sciences, and engineering. We use
it to calculate quantities ranging from probabilities and averages to energy consumption and
the forces against a

dam's floodgates.

The idea behind the integral is that we can effectively compute such quantities by breaking
them 1nto small pieces and then summing the contributions from each piece

The basis for formulating definite integrals is the construction of appropriate finite sums.

The area under the graph of a positive function
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The area under the graph of a positive function, H SULAIMANIYA
! TP
f the interval [a, b] is subdivided into n subintervals of “‘“‘:lh_,,-_l_x
equal widths Ax = (b — a)/n, and 1if f(¢;) 1s the value of a8
f at the chosen point ¢ in the kth subinterval,
this process gives a inite sum of the form
fler) Ax + flea) Ax + f(e3) Ax + -+ + fle,) Ax| 0 N o
v
fix) = sin x
1k
EXAMPLE Estimate the average value of the function j(x) = sin x on the interval
0 T T o
2

e oo 3T o W ST 3 Jm )\, o
*’I”‘*(Emg+5m4+5mg +5.1r12 5.11124—5111E 4—51114 -I-Slﬂg) g

~ (38 4+ .71+ 924141+ .92+ .71 + .38)- % = (6.02) - % ~ 2.365.

FIGURE 5.7  Approximating the
arca under f(x) = sinx between
) and 7 to compute the average
value of sin x over [(, 7], using
eight rectangles (Example 4).
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The Definite Integral

DEFINITION Let f(x) be a function defined on a closed interval [a, b]. We
say that a number ./ 15 the definite integral of f over |a, ] and that J 1s the limit
of the Riemann sums 2 }_ f(¢y) Ax; if the following condition is satisfied:

Given any number € > 0 there 1s a corresponding number = 0 such that
for every partition P = {xgp, x1,...,x,} of [a, b] with | P| < & and any choice of
cp N [x3=1, Xi], we have

;f{ck] ﬂIk—J‘ < E.

The function is the integrand.
Upper limit of integration

e
: b x 15 the variable of integration,
Integral sign E X ;L
cl
_ When you find the value
Lower limit of integration v of the integral, you have

Integral of f from a to b evaluated the integral.

November 16, 2023
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THEOREM 1—Integrability of Continuous Functions  Ifa function f is continu-

ous over the interval [a, b], or 1f f has at most finitely many jump discontinuities
there, then the definite integral f f(x) dx exists and f is integrable over [a, b].

Properties of Definite Integrals

In defining f:f(.i:} dx as a limit of sums 2 }_f(cp) Axg,

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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TABLE Rules satisfied by definite integrals

d b
1. Order of Integration: ] flx)dx = — ] fx) dx A Definition
b a
2. Zero Width Interval: / flx)de =0 "ﬂ_.I_}":Ili,:,":-'j“".__ _
a when f(a) exists

s

|e, I-E..
Constant Multiple: ] kf(x) dx = / flx) dx Any constant k
b b b
4. Sum and Difference: / (f(x) = g(x)) dx = f f(x) dx £ f o(x) dx
b o o
5. Additivity: / f(x) dx + [hf(x) dx = [ f(x) dx

6. Max-Min Inequality: 1f f has maximum value max f and minimum wvalue
min f on [a, b], then

b
min f(b — a) = /f{x}dx*ﬁ max f+(b — a).

'h h
7. Domination: f(x) = g(x) on [a, b] = / flx) dx = / o(x) dx

b
f[‘l:] = 0on [a,b] = / f[:-:} dx = 0 (Special Case)

CIHAN UNIVERSITY
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et
il

¥ = 2f(x) :i

v =fix) + gix)
y=flx)
/\/_' ¥ o= gix)
A ¥ = flx)
¥ = fix)
X

> X = X

-
*

i a 0 a b ( a b
(a) Zero Width Interval: (b) Constant Multiple: (k = 2) {c) Sum: (areas add)
i . b b b h
[rta =0 [ [ sas [uw s s [fwas [aa
¥

%
b

max - Y=o
//—\/\ .- f[.-ﬂ
min

- y = glx)
0 * 0 a b 0la P
) Additivity for definite integrals: (&) Max-Min Ineguality: i omination:
d) Add dh / Max-Min I / f)D
b c ¢ b
f filx)de + f flx)de = f fix) dx min f+ (b= a) Ef Jlx) de flx) = glx)on[a, b]
i I a o

h &
= max f+(h—a) ="_£ f(ﬂfixllg(x}dx
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Indefinite Integrals

¢ indefinite integral of the function f with respect to x as the set of @/l antiderivatives of f,

symbolized by

f flx)dx = Fix) + C, where C 1s any arbitrary constant.

Substitution: Running the Chain Rule Backwards

EXAMPLE 1  Find the [ntagra][[r3 + x)P(3x° + 1) dx.

Solution Wesetu = x° + x. Then du = % v = (3x% 4+ 1)dx, so that by substitution we have

u B (x* + x)®

/.[-7’:3 + x)*(3x* 4+ 1) dx = [“5 du  ~ 3 +C é O Substitute x ¢ for u.
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H.W

Fim:lf V2x + 1dx.

Evaluate f :::"th: + 1 dx.

2z d=
“3“’31 + ]

Evaluate




Evaluating Indefinite Integrals

/kdx = kx + C (any number &)

j.r" dax =
n

X

n+l

+ 1

+ G

/$=mm+c

November 16, 2023
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6. jsinxdr = —cosx + C
7. /casxdx = sinx + C

8. / sec’xdx = tanx + C

9. /csczxdx = —cotx + C
10. /secxtanxdx =secx + C

11. /cscxcotxdx = —cscx + C

14
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Exercises 5

7. fsm;?-xcix, u = 3x 8. fxsquri}mc, u= 2x’

l.fE{lr+4}5vir, u=2x + 4

9. fsec?rtaniidr, u=2i

I.f?"'-.-“?’x—ldx, u="Tx—1 2 .
10. f(l - ms—) sin—df, w=1=—cos<

[
2 2 2

3.f2x{x1+5]"'{ix, w=x>+5 11 Oldr

. "l..-’I—J"3
3
4.f 441 1-:11; w=x + 1
(x" + 1) 13, fﬁsinzixm—ljdx, u=x¥ =

12. fl::{f‘ Ayt 1Py 2hdy, w=yt Ayt
S. f{jx + 2)(3x% + dx) ey, w=3x"+dx fLmsz (L) &, u=-1

i X
(1+ V;jl;'l 15. [cscizﬂcmzﬂdﬂ
6. f -"l.-"';.l_' ":h:" u=1+ ﬁ a. Using u = cot 20 b. Using u = cac 20

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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12, /tanxdx = In |secx| + C 17. /cushxdx = sinhx + C
. s
13. jcatxdr = In |sinx| + C 18. / = sin”’ (E) +C
| \/a - x°
: | -1 (X
' = — =)+
14, /sec.rdr = In |secx + tanx| + C = /a2+x2 Che (“) ¢
l 20. / c;lr . =—sec” ||+ C
15. fcscxdir = —In |escx + cotx| + C Ve
. 21 dx =smh'(§)+C (a >0
. a‘ T x
16. /smhxdx = coshx + C e N
s -1 14
22 /mcosh (a)+C (x > ¢

N i i ? = =
November 16, 2023 https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl 14

en



8. / secixdy = tanx + C
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2 = — dx 1| x .
9. f-:sc X dx cotx + C 20. f — L | 2] + C
2 2 ) i
xVxT —a
10. secxtanxdx — secx + C dx X
21 =sinh™ (%] +C  (a>0
a® + x
11. cscxcotxdx = —cscx + C dx ¥
f 22 = cosh™! 7]+t C (x = ¢
—-a
https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 15
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Products of Powers of Sines and Cosines f sin™ x cos” x dx,
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Case 1 Ifmis odd, we write m as 2k + 1 and use the identity sinx = 1 — cos® x
to obtain

sin” x = sin®* ' 'x = (sinx)*sinx = (1 — cosx) sinx. (1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to

Case 2 If mis even and n is odd in | sin™ x cos™ x dx, we write n as 2k + 1

and use the identity cos’x = 1 — sin’ x to obtain

2k+1

cos"x = cos™ 'y = (cos® x)cosx = (1 — sinx)cosx.

We then combine the single cos x with dx and set cos x dx equal to d(s1n x).

=

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

November 16, 2023
en
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Case 3 If both m and n are even In f sin™ x cos” x dx, we substitute ¥\ CIHAN UNIVERSITY
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2 ]l — cos 2x 2 1 + cos2x

SN x = Ccos® ¥ =
2 ’ 2

to reduce the integrand to one in lower powers of cos 2x.

EXAMPLE  Evaluate fs.inumsﬂxix:

Solution / sin® x cos” x dy = / §in® x cos* x S x dx m is odd.

- f [1 - GGSEI} GGSEI [_ﬂr {Gﬂﬁ I}} sin x dx = —d(cos x)

= / {1 — HE}{ME]{—.&H] N = COSX
= /{Hd — HI] it Multiply terms.
5 3 5 3
o w _ cOs’X _ cos X
=3 3 + 3 3 + . o

17



CIHAN UNIVERSITY
EXAMPLE 2 Evaluat fms‘-‘xaix
et SULAIMANIYA

Solution  This is an example of Case 2, where m = O is even and n = 5 is odd.
fﬂt}ss.::dr = [ms"xmsx dx = f (1 = sin®x)* d(sin x) cos x dx = d(sin x)

:[“ _HE}Edu u = sinx

= /{] — 2’ + u4} du Square 1 — u’.

_ .23 15 i 2 i3 1.5

= u—3u +5u + ' = sinx 351IlJu:+5511‘J|.r.:+{'_?. [ |

November 16, 2023 https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 18
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EXAMPLE 3 Evaluate

Solution This 1s an example of Case 3.

2
f sin?x costxdx = / (1 gc-s Ex) (1 - gns lt) dx m and n both even

— éf (1 — cos 2x)(1 + 2 cos 2x + cos” 2x) dx

= é/ (1 + cos2x — cos® 2y — cos” 2x) dx

= %[ + %sin 2x — /{cnsz 2x + cos’ Ex)ﬂ'.:-:].

For the term involving cos® 2x, we use 1
/cuslln.«{x = E_/ (1 + cos4x) dx

]. I. - ttire = G : :
— E ¥ + —sindx |, Omitting the constant of

= integration until the final resuli

N = sin 2x,

[I:GEE Y dy = / {]_ —_ siﬂlh}cﬂushdx du = 2 cos 2x dx

= ZL[ (1 - HE} du = EL (ﬁil’l 25 — % sin’ l‘() jnﬁii:rlilng C

COIIRINNE everymng and sunpilying, we 2ol

For the cos” 2x term, we have

. 4 I Y AU T 1.3
fsm X COS xdx—m X 451n4x+35m2x + C. i,
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/4
EXAMPLE Evaluate / "u.,;‘(] + cos dx dy.
i
Solution  To eliminate the square root, we use the identity
cos?§ = LT ':;'DE 20 or 1+ cos20 = 2cos .

With 8 = 2x, this becomes ==~ 1 + cosdx = 2cos*2x. Therefore,

/4 w4 w4
f V1 +l:{:-54.rcit=f ﬂicns‘?hcir=f ﬁvcﬂszixciﬁ:
0 i i

g |:_:|

/4 w4 cos 2x =
= R/Ef |cos 2x| dx = ‘V’E[ cos 2x dx on [0, 7/4]
i) J0
r"‘ ) V2
0

- =g .

— " [sinzzx

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

November 16, 2023
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The Integrals of sin? x and cos® x

SULAIMANIYA
EXAMPLE
(a) /5in2xdx — f 1 = ;ﬂﬂhﬁ gind x = ! —ins 2x

-2 f (1 — cos 2x) dx

-1, 'ainlx _x _ sin2x

2 + O = 7 4 + O
L+ EEEZI _ % sin 2x . | + cos 2x

(b) [ cos 2ydx = =35 + 7 + C cas? x = :

' itations?user= -
November 16, 2023 https://scholar.google.com/citations?user=gBsVwVYAAAAJ&hl

21
en



Integrals of Powers of tan x and sec x
To integrate higher powers, we use the identities

tan°x = sec’x — 1 and sec’x = tan"x + 1, and integrate
by parts when necessary to reduce the higher powers to lower powers.
EXAMPLE Evaluate f tan” x dx.

Solution

ftan“x.:ix =[tan2x-tanlxdx =ftan2:s:-{sec1x— 1) dx

=ftan1xsm1xciﬁ:—/tan2xdr

=[tan1x5eczx.ix—fise¢zx— 1) dx

=ftan1x5ﬁclxir—fseczxdr+f:ix.

In the first integral, we let u = tanx, du = sec” x dx

and have f Wy = L0 1 . The remaining integrals are standard forms, so

3

[tﬂn"xdx =%tan3'x—tanx +x+ C.

CIHAN UNIVERSITY
SULAIMANIYA

22
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Products of Sines and Cosines
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The integrals f sin mx sin mx dx, f sin mx cos mnx dx, and / COS MX COS nx dx
We can evaluate these integrals through integration by parts, [t is sim pler to use the identities
SIN M SN nx = é [cos(m — n)x — cos(m | n)x], (3)
Sin mx cos nx = %[sin (m = n)x + sin(m + n)x], (4)
COS MX COS HY = %[cns (m — n)x + cos(m + n)x]. (5)
ain 3x cos Sx dx.
EXAMPLE Evaluate /
Solution From Equation (4)ywithm = 3and n = 5, we pget
. o . _ 1 . ,
/sm 3xcos Sxdx = %f |sin (—2x) + sin8x|dx  — f[ (sin 8x — sin 2x) dx
_ cos8x |, cosx
16 + 4 + (.
https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= ’3

November 16, 2023
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EXEI'C'i S@S Powers of Sines and Cosines Evaluate the inteerals in Exercises

- f cos 2xdv . f 35'1“%&1 w2 2 w6
y 27, Vf"“ix zs.f V1 + sinxdx
| — 0
3. fcus"xsinxi:: 4, fsin'lxmsh:ﬂ: COs X
(Hfut; Multiply by M!::ﬂ,)

5 s1N X
5, f sin® x dx 6. f cos® dx dx
T osty /4

r 29, Wl — sin 2x dx
7. /-Sins:nix 8. [ Smsinﬁ: Swian N1 — sm:c w2
. S

2
/6 " V1 — o T 230
9, [mﬁamﬁ lﬂ.[; 3 cos® 3x di il [; OV'1 — cos 26 dd 32. .LH cos” 1) di
11. fﬂinaxﬂﬂslxdx 12 fc:}sjlxsinszxdx 33. fﬂe’clﬂﬂﬂl dx 34. fﬂfﬂxtﬂnzr dx

wiE
13, fcuszxdx 14,f sin® x dx is. fsa: xtanx dx 36. fﬁc3xtan3x dx
i

w2
1s.f sin” y dy 16. f?:::}s":d; 37. [ sec’xtan’x dx 38. [sec‘xtanzx dx
n .
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Trigonometric Substitutions

a Trigonometric substitutions occur when we replace the variable of integration by a
! trigﬂnumetric function. The most common substitutions are x = atan @, x = a sin f, and
a x = asec E T]IBSE subshtuuﬂns are effective in transforming integrals involving Va? + x?,
T3 - x?, .md — a’into integrals we can evaluate directly since they come from the
¥ — asinf rf:ference right tnangles in Figure

a® — x* = acos 0| Withx = atand,

a + x*=a* + a¥tan’ B = a1 + tan’ @) = a’sec’h.

Va? + x?
g Withx = asind,
a a® —x?* = a’ — a’sin® 8 = a*(1 — sin® @) = a’cos’ B.
x = atan f
Via? + 22 = glsec o
//l _
FIGURE Reference triangles for the tree basic substitutions
x=asect identifying the sides labeled x and a for ezh substitution.

||n.-".lrz—a:iz=4:.r|l,:1n|9|

N i i ? = =
November 16, 2023 https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl 55
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_dx
EXAMPLE Evaluate [ Vi + 2

Solution We set

x = 2tanb. dx = 2 sec? 0 db. —%{9{%,

44+ x =4+ 4tan’f = 4(1 + tan’B) = 4scc? 4.

Then

bt |

de [ 2sec’0dp [ sec’ 0 db — x=2tanf _
= = —ﬂ' Vsec = |secd| tan @
V4 + 12 V4 sec? B | sec 0]
4+ x
_ and secl = ———,
= / sec 0 do sec i = 0 for —% < < =

= In |sec@ + tan@| + C

V4 + x?

_ X
= |n 3 +2

i

k| 5

+ From Fig, 8.4

Notice how we expressed In |sec @ + tan @] in terms of x: We drew a reference triangle for
the original substitution x = 2 tan @

N i i ? = =
November 16, 2023 https.//scholar.google.com/ute;t;ons.user gBsVWVYAAAAJ&hI 26



EXAMPLE 2

Solution

Then

Evaluate
x” dx
Vo — 7
We set
x = 3sin#, dx = 3 cosf dé, —%{E{%

9 —x* =9 —9gin"6 = 9(1 — sin*#) = Ycos* b,

[ 9sin®6-3cos O db
|3 cos 6|

= !}fsinzﬂdﬁ

=9f1_gﬂsgﬁdﬂ

A

9 __ sin 20
_2(5 . )+c

Q .
=§I{E—smﬂ'msﬂ}+ﬂ
9 (mx_x NI
2 \S 3T g 3
=%sin_]§—%v9—x1+ﬂ‘_

CIHAN UNIVERSITY

SULAIMANIYA
3 X
i
9 — x°
cos f == 0 for —'.,1 < @ = ; i
: § x = 3sin # {(Example 2):
. X
sinfl = =
3
sin28 = 2sinfcosd
Fig. 8.5
- 27
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Using Trngonometric Substitutions SULAIMANIYA

Evaluate the integrals in Exercises

i [ dix
. "'-.f""@r_tz

2
3. e :
—» 4 4 x°

172
5. f _ebx
0 G — X2

7. ‘;'F“-.fzi- — 2y

f 8 dw
9, N
wiINg — w?

f 10040 .
11. Ie + 25x°

VT 4x® dy
13, -
0 (1 =— x=)=

1_[ 3 dx
J N1 + 9xd

2
o [
n B 2~

b
2

1i2n2
' 2 dx
6. f - -
i W1 — 4x

. f'v’] — 9 i

{: — IE]I,-“Z
dx
10. [ A
}( 6 dt
12. (9% + 1)°

/ xalx
14. 25 + 4x”©

28



Integration of Rational Functions by Partial Fra::tjnns CIHAN UNIVERSITY
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This section shows how to express a rational function (a quotient of polynomials) as a sum
of simpler fractions, called partial fractions
A3 = [ it [ S 5x — 3 A B
+ 1)x = 3) x—3 — +

Iy =3 x+1 x-=—3"

.

To fird 4 and B, we first clear Equation (1) of fractions and regroup in powers of x,
aohtaimng

=2In|x + 1] +3In|x=3] + C.

Sx=3=Alx =3+ B8 x+1)=(4 +Br—134+ K.

This will be én 1dentity m x 1f and only if the coefficients of like powers of x on the two

sides are equal:
A+B=5  =34+R=-

Solving these equations simultaneously gives + = 2and B = 3.
) 29



EXAMPLE

EXAMPLE

=x*+ 1) +tan” x = 2In|x — 1] —

November 16, 2023

CIHAN UNIVERSITY

Use partial fractions to evaluate SULAIMANIYA
bx + 7
(x + 20 =ﬁln|.x+3|+5[x+2]'l+l’:.

) /‘1:3—411—;.;—3

R cil‘=r‘z+11n|r+l|+1|n|r—1|+-E'_f.

Use partial fractions to evaluate

—2x + 4
f{xz + 1)x — 1) .

|

r =]

+ C.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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1. [(siu:::+e”)d$ = —cosz+ e +c
2. fﬁcﬂs:rda: = dsinz + ¢
November 16, 2023 https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 31
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f‘ﬁ 25 la.f - S 29, Jl;”lsuu:,q;“-’l 1) dx
\5s + 4
a1 — @ db 20. [3};1;'7' — Wldy 30, jc:-'.l: (” ; ")cm (” ; '“') du
| sin (2t + 1) secztanz
dx 22, j-;::.::-;[32+ 4) dz 3]_/ . il 32, / iz
j-""r“- i "'-.-"'P}? EIJE‘{E! | 1] : "'u,rl'lrgqm;g
fsc (3x + 2) dx 24, fianlxacc:‘.a:dx 13, f%cna (l - l)d; 4. f%mﬂ(‘ﬂ t 3) dl
f ! 1
.
fﬂm FC0s 3 > dx 26. [tan?%sec:%dx 15 fiqm_mq_dﬁ. 6. j. EE'E“"':'H —
o 0 sin® Vi
1] d 28, *‘(T—L)d | | =1
/ ( ) ' ./r T 37, f:-"'u F oY) de 38, fﬁ'** ;lm.;
N



Evaluating Definite Integrals

Evaluating Definite Integrals

Use the Substitution [ to evaluate the integrals in

Exercises

3
1. a. f Vv + 1ldy
i
|
2, mfr‘v’l - ridr
i
'|'|'|l'.‘l
3. a. f tan x sec” x dx
il

.
4, mf,?-malxainx:ir
0

|
5. mfﬁn + %) dr
a

November 16, 2023

i
b [ Vi+ ldy V7 ..
L . ! 6. a. f He? + 1V dr
i i
b, [ rN = rtdr 1 5p
= 7. a. 3
0 - (4 + r=)
l:hf tan x sec” x dx |
-'"'."'Il lﬂﬁ
Sy 8. a. T ~dv
b./ 3 cos” x sinx dx d '[1 o)
2w

W1 4
' 9. a. I
b, j_‘lﬂ(l + 04 di Joo VAT 4

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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Hed + 1V de

W7

aF

o (4 + r%)?

10V

“ + U‘!-.-'I}I dv

V3 i
S
JVI Vel

33
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. : du
EXAMPLE Here we recognize an integral of the form f TR
2 —1 -1 .
2x du w=x° =3 du= 2xx,
- dx = TZ II'I|HI w0} = —=8 W7y = —1
n X - 5‘ —5 15 A J, L |
=In|=1|—In|=5] =Inl—In5 = —In5
The Integrals of tan x, cot x, sec x, and csc x
Equation (5) tells us how to integrate these trigonometric functions.
SIN X —du u = cosx = 0on (=a/2, w/ 2),
ftﬂﬂ.l'-lil’ - ] GDEIdI h ] u di SIN X X
= —ln|u] + C = —In|cosx| + C
= In l + C=In ISEEII + . Reciprocal Rule
|cos x|
https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 34
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SULAIMANIYA
To integrate sec x, we multiply and divide by (sec x + tan x).
(secx + tanx) sec’ x + sec x tan x
secxdx = [ secx dx = . dx
(secx + tanx) secxy + lanx
I:-EH- ) . H SCCY T an x
= T=1n|:{|+f_=In‘secx+tﬂnxl+t ; o - fa
14 [SEC 1T 1an x + s8¢ X)) dx
For csc x, we multiply and divide by (csc x + cot x).
N (cscx +cotx) [ gge’ x + escxcotx
cscxdy = [ cscx dy = _ dx
(cscx + cotx) cscx + cotx
- —du . . = c&cx + cotx
- f T In |H| e = In ‘EEC X I:Dt..‘!:‘ - C diy = [—escx colx — ¢s¢” x) dx
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Integrals of the tangent, cotangent, secant, and cosecant functions

[1anudu In|secu| + C /Er:':udu In |secu + tanu| + C

/cntuﬂ’u = In|sinu| + C f::ﬁ-:udu = —In|escu + cotu| + C
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Exponential Functions
SULAIMANIYA

If u 1s any differentiable function of x, then % e’ = e %.

. <

The general antiderivative of the exponential function

/E“ du = e" + C
Examples

In2
3x n8 1 1 )
(a) e dx = EH.EdH u = 3x, ?u'u = dx, u(0) =0,
0 :
0

wln2) =3m2 =12 =In§

1/'“3 ! In8
Y e"du _ 1 u 1 7

w2

a2 ] .
(b) / e eosx dy = ES‘“"} —elm e = — ]
] 0
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The General Exponential Function a" SULAIMANIYA
DEFINITION  For any numbers @ > 0 and x, the exponential function with
base a 1s |
a* = e*na
If a > 0and u is a differentiable function of x, then a¢" is a differentiable function
of xand d . ’ du The general antiderivative atdu =-2— + C.
a4 —a Ina pt Ina
« 4 __ 1 ,_1 4
EXAMPLE Zelog(x + 1) = (=5 - gy - (3x + 1)
. _ 3
(a) ] M dy = 1:—2 + C 4= u=—x (In10)(3x + 1)
“logy x 1 lnx In x
(d) / x_—f = /udu logax = —=
b) [ 2xcosxdy = [ 2du = 2=+ C T 2 n2 S
In2 ,
1 (nx)*
Hsin x u = sinx, du = cosx dx, - HT +C= m2 2 C
— + C 5
[n2 u replaced by sin x _ (In x) +C u=Inx, du= _l—.cf.r

November 16, 2023 https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=en 38



Solve the following integrals

[n @ ,
1. f e'' dx
Ind

"v"r

. |

f
AL

dx
1 + &'

5% d

1
. / 27 do
0
V2
. / X2 gy
1
/2
. f Tt gin £ dt
0

4
. [ x*(1 + Inx) dx
J2

In 16 .
2. [ E:"I'M d.::
]

i
&
a4

MPAL logp x
. [ \de . / ——dx

3. -/Ereqzdr

—_—

a. /ri‘-‘e“"}d: 5, /

(1 + e“%) csc® 0 di 8. /e“”" sec i tan 7t di

e’ In (77/2)
T o ar 11. f 2e" cos e’ dv
' In /61

-
v’?

3 _
.f(w’iJr V2 dx
0

*In2logy x
.[—x dx

2l-::_gg[.:c:+Eflm
"o x + 2

CIHAN UNIVERSITY
SULAIMANIYA

VinT . ,
2x ™ cos(e” ) dx
12. S0

“2In 10 lugmx

14 lﬂgm lﬂI}

1/10

/9213g1n x+ 1)
dx
x+ 1

[

logox

32 loga (x — de
[i} '.2 I_]. +

elx

_dx
x(logs x)*



TABLE Denvatives of the inverse trigonometric functions

d(sin™" u) 1

- il <

dx "n..-“-l _ Hi dx’
——

y d(uua_ u) o | dﬂ, ] < 1
dx 1.;“] — szx

. d(tan™" u) 1  du

o dx | + u? dx

A d(cot™ u) B 1 du

' dx 1+ yldx
|

5 d(sec™ u) _ | duj ] > 1
ch |u| V2 — 1 ¥

d(csc™ u) 1 du

6. = — . |ul =1

Eil‘ |H|13H1_1dx | |

CIHAN UNIVERSITY
SULAIMANIYA




TABLE

Integrals evaluated with inverse trigonometric functions

The following formulas hold for any constanta # 0.

1 / du = sin~} (H) + C
Va2 = 42

i Ly (%) + C

a
2.
fﬂzluz a

3 / du _
uVu? — a?

1

: —1|E| 1
Tsec | g +

(Valid for u? < a?)
(Valid for all u)

(Valid for |u| = a = 0)

duju

A/ 2 2
U —da

© /L:
Ve — 6

I -
= —=sec

Ve

EXAMPLE

VE.-'T d"{' i j| "'.,‘.-EI,."E
q — = sin 'x a = 1,1
@ Ve V1 =2 V22

November 16, 2023

- (_

- du
/u'\«’uz — a*

EI

V6

CIHAN UNIVERSITY

SULAIMAN
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IYA

Evaluate the integrals

{ 3 / ﬂr_t: 4 f {it
-T_ .= V9 — &2 V1 = 4x?
5. | ——— 6. 5
2x, and du/2 = dx : 17 + x° ' 9 + 3x
2 T. [ \/ Efxz 8. _/ d:f
—)+cC J x\V25x% =2 V552 — 4
v
41

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=en




dx
® \Vdxy — x?

Solution  we first rewrite 4x — x* by completing the square:
dx —x* = —(x*—4x) = —(x2—4x+4)+4
=4 — (x —2)%.

Then we substitute ¢ = 2, = x — 2, and du = dx to get

f dx _f dx
Viax — x? \/4—(.:-:—2]2

b

— 2, and du

du
i
[ Va? — 2

= sin~ (%) + C

= sin™ (IEZ) + C

November 16, 2023

en

dx

H.W

hint

dx |- ,
b =—tan” (2x + 1) + C
{]f4f+4x+2 2

A% 4 4y + 2 = 43 +x}+2—4< +x+1)+2——

2
+1) +1=(2x+ 1)+ 1.

2

4

2z
1.[ d:z
o B+ 2f

dy

—\/2/2
. [

4y —
3 dr

|
f‘v’]—m—l}?

f2+[x—1)

dx

9,
/ (2x — DV (2x — 1)2

— 4

£
z.f dr_
- 4 + 3t

—VE,.’E d y

-'_1-"'.3 _1"!-'92_1

6 dr
V4 — (r+ 17

3[ dx
. 1+ (3x + 1)

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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—

-/'“f?' 2 cosf db
" J=a 1 + (sinf)?

/Jnv’i o dx
0 1 + =

vdy

: —l—y"’

"l

g |

. f dx
‘\./(—IE Fd4x — 3

o 0 6 dt
N Y T

November 16, 2023

. f T4 ese? x dx
' a6 1 + (cotx)?
'3

4-/' 44:1’.:?
| H1 + In“1)

2
sec” v dy
0.
V1 — tan? ¥

g / dx
"\/2:1: — x?
1

/ 6 di
0.
12 V3 + 41 — 442

.

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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Integral formulas for
hyperbolic functions

fsinhudu = coshu + C
] coshwu du = sinhu + C
sech’udu = tanhu + C

—¢cothu + C

csch? u du

sechutanhu du = —sechu + C

cschucothudu = —eschu + C

— S S —

November 16, 2023

CIHAN UNIVERSITY
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Examples

hS d u = sinh 5x,
(H) / coth Sx dx = / Z?I’?h 5; uu du = 5 cosh 5x dx

= —ln |u| + C = —ln |sinh 5x| + C

1 1
(b) fsinh%dx=/ cosh2r — 1
0 0 2

3|
—%j (cosh2x — 1) dx
0

_ 1fsinh2x T sinhZ 1
o 2 [ 2 I:L = E 040672
In2 In2 E an
(c) 4e* sinhx dx = f 4e* dx f — 2)dx
0

= |e> - ;:x]l"2 (22 = 2In2) — (1 = 0)
=4-2In2 - 1= 16137

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl= 44
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Derivatives of Inverse Hyperbolic Functions

SULAIMANIYA
d(sinh™" u) i du Integrals leading to inverse hyperbolic functions
“ L L. / W ginii™! (%) +C, a=0
d(cosh™ u) 1 du - 1 Va® + u’
= , y
ax W HE -1 ax i N ET
2, = “=|:ush‘E O, =g =1
d(tanh™ u) | du Vut —a’
2 IHI =1 f
'ix 1 - '[i-x 1 _1 fu 1 ; 5
gtanh™ | = | + C, W < g
dlcoth™ u) 1 g ] > 1 3, f e
5 £ — “
dx 1 — u’dx @ %uuth" (%) + C, u’ > a°
3
disech™ u) 1 du |
dx N 2 dx’ V=u=l 4 i ——ltu.:uh_"E + C 0<u<a
| ’ | ’ l A TRV, a*t — u* “ “ ’
d(csch™" u) | d
T 470 5 du___ _Loen |2+ ¢ 0anda > 0
x V1 + u® . NI 7 esch™ | 5 } u # 0 and a
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Evaluating Integrals

. /-E" sin {e*) dx

3. jer sect (e — T) dx

[—

4. /EJ'c5c{e" F 1)cotie” + 1) dv
5. /:-;tuj (x)e™* dx 6. /L'ﬂ. x e dx
. N
7. idx 8. f Yy 1[1.::
- 3'.-": - 4
9. / tan % dx 0. / 2 cot mx dx
I:'I -

2. fﬁ‘c:}s (3e' = 2) di

i
1. f %m
o I©— 25
tan (1
. / anl;vnu} 4
1 —3
5. [%fﬂt

7. jlcﬁtzil + Inr) dr

r

ol

i
vinuy

In{x — 5)
6. dx
xX=—3
cos(l — lnw
H.j { T ]rfu

Pl

4.

I:I:'I"'-.El
. f T—=sint &

November 16, 2023
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Summary

Basic integration formulas

1. fkit=h+ﬂ (any number &)

. ntl
.f%=m|x|+c

. f#’.p‘.r=e”+{?

IrH-I
2. /r“.:.l‘.r= + C (m= =1

f

=

X

5, /a“ia:= I‘zu +C la=0a#1)

6. fsinxctr = —¢osx + O

7. fmsxit =smxy + C

8. [Eﬂ:z.l:dr =tanx + C

9, fc:&ci.-;d!x = —cotx + C
11, fﬂ:ﬂxtﬂnx.ﬂ‘: = secx + O

11. [::sc.n:ut.nb: = —gacx + C

12 ftanxi:: = In|secx| + C

13, fﬂﬂtI.IiT =In|sinx] + C

14, fmcxdx = In |secx + tanx| + C
15, fcm;m = ~In |escx + cotx] + C
16. f&:inh.rd.:r = coshy + C

17. fﬂmhxd:: = simhx + C

1%, f% = gin™ (%) +

dx | (I)
19. = = — (AN e B
fﬂz IR &

dx 1 4| x
z“rf_r—xz—ai_ise':l = +

dx —eiet—l
Il.f—a2+xl—ﬁmh (:.- + (o = 0)

2. f%=msh"(§)+£' (x>a>0)
s = ga°

November 16, 2023
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Integration by Parts

CIHAN UNIVERSITY
SULAIMANIYA

Integration by parts is a technique for simplifying integrals of the functions f flx)e(x) dx.

It is useful when f can be differentiated repeatedly and g can be integrated repeatedly without difficulty. The integrals

Examples

]_:: cos x dx
/.xzexdr

flnxzir
j e" cos x dx.

November 16, 2023

f) =X andg(x) = cosx [f[:c]g*{x}tix = f(x)glx) — /ff{x)g(;-;)dx

f{_r] _rl , g{x] = g Sometimes 1t 18 easier to remember the formula if we wnte it in differential form. Let
- u = f(x) and v = g(x). Then du = f'(x)dx and dv = g'(x) dx. Using the Substitution
Rule, the integration by parts formula becomes

fe) = Inx  andglx) = 1 Integration by Parts Formula

flx) =€ 2(¥) = co8 X fu dv = uv — fu.-:iu

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=

48
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EXAMPLE1 Find fxms,xcix,
Solution  We use the formula [ udv = uv — J{ v du with

u = x, dv = cosx dx, Simplestantiderivative of cos x
du = dx, U = SInux. Then

/xcﬂsxcix = xsinxy — fsinxcir = xsinx + cosx + C.

EXAMPLE 2 Find flnxcir‘

Solution Since [ Inxdr can be written as [Inx-ldx, we use the formula
fudu = yv — fvduwit]'l

u=Inx Simplifies when differentiated dv = dx Easy to integrate
1 L
= Fax, = X, implest antiderivative
du = wdx v=2x Simplest antiderivat
Then from Equation (2),

/]nxdx=x1nx—f.x*%dx=xh1x—fdx=xlnx—x+C

49
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EXAMPLE 3 Evaluate fngldr_
Withu = x°, dv = e dr, du = 2xdx,and v = e”, we have

[.rze’"“dx = x%e" =2 IIE:{iY.
X, d-v = ¢ dx. Then du = dx, u_= e’ and

Solution

we integrate by parts again with u =

[.x:e”i:: = xe* — [e‘ dx = xe” — e" + (. Using this last evaluation, we then obtain

[ dv = xTe’ —E/xeﬂix = x'e* — 2xe* + 2e* + C.

The technique of Example 3 works for any integral [ x"e® dx in which r is a positive 1nteger

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
en
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EXAMPLE 4  Evaluate /.EIEDEIH'_L
’ SULAIMANIYA

Solution Letu = e*anddv = cosxdx. Thendu = e*dx, v = sinx, and

[e%u&xix: — e”‘sinx—fe"‘sinxdx.

we use integration by parts with

u=e" dv = sinx dx, V= —CO5X, du = e* dx. Then

[e’*-:}ﬂ.f.x dx = e’ sinx — (—er'*msx — [{—cns x)e” dx])

= e*sinx + e*cosx — / e’ cosxdx.

The unknown integral now appears on both sides of the equation. Adding the integral to
both sides and adding the constant of integration give

Z/e-"ms;n:cb: = e"sinx + e*cosx + (.

Dividing by 2 and renaming the constant of integration give

e*sinxy + e‘cosx
[e‘msxir= 3 O




. = n
EXAMPLE 5  Obtain a formula that expresses the integral [ cos” x dx CIHAN UNIVERSITY

in terms of an integral of a lower power of cos x. SULAIMANIYA

Solution  We may think of cos” x as cos” ' x + cos x. Then we let
u=cos" 'x and dv=cosxdrx, sothat

du = (n — 1) cos" x (—sinx dx) and v = sinx. Integration by parts then gives

fﬂﬂsﬂhﬁ = cos" xsiny + (n = l]f sin® x cos" * x dx

2 %
fms3xdr = o8 .:?:Jsm,x: + %fﬂ-ﬂﬂxﬂir

cos™ 'xsinx + (n — 1]] (1 — cos®x) cos" *x dr ] 2 o 2 5
= 3 COsTX sinX + 3 sinx + C.

= cos" 'xsinx + (n — 1]/ cos" Zxdy = (n—1) {cns"xdx,
o

Ifweadd (n—1) / cos" xdx  to both sides of this equation, we obtain
nf cos"xdrx = cos" ' xsinx + (n — l}f cos™ 2 x dx.

We then divide through by », and the final result is

—l v
cos" 'xsinx | n—1 _
f{:ﬂs”xir = - + — fﬂﬂs" *ydx.

52
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EXAMPLE Evaluate

f sec’ x dx.

Solution  We integrate by parts using

u=secx, dv=sec’xdrx, v=tanx, du = secxtanxdx.

[5&{}3,1::.{:

Then

se-:;xtanx—f[tanx}{sec.::tan_nir]
=sacxtan.r—f[sec2x— 1) sec x dx tanx = secx — |

= secxtanx + fsecxdx—fserﬁxdx.

Combining the two secant-cubed integrals gives

Efsec?’xdx=sacxtanx+fsecxi:

and

| |
fse-f.rir = osecxtanx + 5ln |secx + tanx| + C. ]
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EXAMPLE &  Find the area of the region bounded by the curve v = xe™ and the x-axis
fromx = 0tox = 4.

4
Solution  The region is shaded in Figure | [tsarea is [ xe dx.

4 i
Letu = x,dv = e “dy,v = —e ", and du = dx. Then, [.t:e_xcix: —IE_’TE— [ (—e™) dx

y 4
= [—de™ — (0)] +f e dx
0

l -

4=t x4
.5 y=xe™" = —de € o

= g™ =™ = (=e") =1 — 574 = 091,
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Tabular Integration

We have seen that integrals of the form [ f(x)g(x) dx, in which f can be differentiated
repeatedly to become zero and g can be integrated repeatedly without difficulty, are
natural candidates for integration by parts. However, if many repetitions are required,
the calculations can be cumbersome; or, you choose substitutions for a repeated inte-
gration by parts that just ends up giving back the original integral you were trying to
find. In situations like these, there is a way to organize the calculations that prevents
these pitfalls and makes the work much easier. It 1s called tabular integration and 1s
1llustrated in the following examples.

f xlet dx.
EXAMPLE 7 Evaluate

Solution With f(x) = x? and glx) = %, we list:

f(x) and its derivatives g(x) and its integrals
x? — (+) e”
2y () e, f:ii:l.-::"r dx = x%e* — 2xe* + 2e* + C.
— e
2 —_(h) e

{} - X
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EXAMPLE 8  Evaluate /'Iﬂsinx.ﬁ.

Solution With f(x) = x* and g(x) = sinx, we list:

f(x) and its derivatives g(x) and its integrals
xd — (+) sin x
3x* — (™ ™ —cosx
bx ~— (+) T —sinx
6 - ) ™ cosx
0 T sinx

f.l:gsinxdx = —x"cosx + 3x%siny + 6rcosy — 6sinxy + .

https://scholar.google.com/citations?user=gBsVwWVYAAAAJ&hl=
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Exercises

Integration by Parts

CIHAN UNIVERSITY
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Evaluate the integrals in Exercises 1-24 using integration by parts,

1. f xain%:ﬁ:

3. fﬂlﬂnﬁftff
2

5. / xIn x dx
1

7. f.:e:*:!j:

9, fIEE_IdI

11. / tan™ vy

2. [ﬂcns i 46
ol
4. [.Il sinx dx

f. [ 1% Inx dx
|

8. /‘.-'l.'-t'jh- el z

ol

1mfﬁ—h+uﬁﬁ

13. f xsectx dx

12. / sin”" v dy 23, f e™ cos 3x dx

14, fdxsaciﬁxir 16. /p4Epo

18. /[J"2 +r+ 1)e"dr
15. f x e” dx .
17. f(xi — Sx)e* dx 20. f el di

19. f:SeIin:

1]. -
21. feﬂsinﬂdﬁ 24, /.E' sin 2x dx

e cos ydy
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THANKS FOR YOUR ATTENTION
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